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A B S T R A C T   

The contribution of supporting tools developed for logistic optimization and processing infrastructure planning is 
highly dependent on the quality of input data. Databases containing reports on waste production and treatment 
are often used for waste management case studies and in the aggregated form at the national level provide 
sufficient information with negligible errors. On the other hand, analysis in greater detail at the smallest 
administrative unit usually reveals significant inconsistencies, especially in the case of mass balance control. This 
often results in the impossibility to track waste flows in the system and evaluate final treatment. This paper aims 
to present a tool for database verification in order to satisfy mass balances at all levels of the investigated system. 
As part of the mathematical modelling, the database is first subjected to a statistical analysis where selected 
inconsistencies between records can be removed. Subsequently, data reconciliation is applied with appropriate 
weights assigned to each entity in the system. The weights represent credibility and reflect various errors, which 
are identified in the previous stage of the approach. The correction of mass balances enables an evaluation of 
quality or composition in greater detail of individual entities and also determines the feasible interval of 
monitored properties. The tool is applied to the treatment evaluation of dry matter in wastewater sludge in the 
Czech Republic. Thanks to the developed tool, disposal and material or energy recovery can be quantified at 
micro-regional.   

1. Introduction 

Waste management (WM) is a crucial aspect of ensuring the sus-
tainability and environmental well-being of our society. The pressure to 
increase recycling and reduce waste is not only coming from the Euro-
pean Union (STOA, 2017) but also from the general public, who are 
becoming more aware of the negative effects of waste on the environ-
ment and public health (Abubakar et al., 2022). Therefore, new legis-
lation has been implemented to address this issue, such as an increase in 
fees for landfill disposal, and a ban on landfilling waste with a calorific 
value greater than a specified amount in order to utilize it for energy 
recovery (Kumar and Samadder, 2022). These measures are aimed at 
reducing the environmental impact of waste and promoting recycling 
and other forms of WM in the established hierarchy. 

WM is a regulated and closely monitored business in many states, 
where entities are forced to report data on the production and treatment 

of its waste and waste handed over. Data is reported regularly and 
further processed by the authorities and used for decisions (Sileryte 
et al., 2022). With the advancement of technology and digitalization, 
there will be an increasing amount of data available on waste, including 
information on the types and quantities of waste generated, as well as 
the methods used for its treatment (Sepasgozar et al., 2021). However, if 
this data is not utilized properly, all investments in data collection will 
be in vain. Therefore, it is essential to systematically analyze data using 
statistical tools to identify the potential for increased recycling and to 
plan the processing chain. It can help to improve the efficiency and 
effectiveness of WM and reduce its environmental impact (Tsai et al., 
2020). 

The WM supply chain is a complex system process that involves 
multiple entities and stages (Eghbali et al., 2022). The study (Sileryte 
et al., 2022) closely discusses the importance of studying flows and re-
lations, determining the mass quantity and material content with a high 
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level of geographical information. One of the biggest challenges is to 
identify the flow of waste from the producers to the place of its final 
treatment, which could, in general, include many handovers of waste 
between entities. In addition, there are discrepancies in the balance of 
waste production and treatment not only at individual entities but also 
in regions or states. Therefore, the whole chain of waste handling is not 
usually known and it is difficult to have an overview of the whole system 
and to identify where the WM system is working well and the areas 
where improvements are needed. 

Without any development in waste flow tracking, the above- 
mentioned issues can lead to incorrect analyses and conclusions, 
because aggregated or averaged values may be used to determine the 
indicators of WM. The necessity of material flow analysis in greater 
detail is highlighted by Islam and Huda (2019) in order to open area for 
investigation from a holistic regional material-cycle perspective. Spe-
cifically, in the Czech Republic, the production and treatment of 
wastewater sludge are only available in the form of a slurry (i.e. with 
high content of water) and the dry matter content is only known at the 
point of generation. Wastewater sludge can be characterized as 
byproduct of sewage treatment with organic matter and nutrients like 
nitrogen and phosphorus, and also some potentially harmful substances 
(Bennamoun et al., 2013). With proper management, sludge can be 
reused in agriculture, energy generation, and construction, but the 
environmental aspects resulting from material recovery are crucial 
(Kacprzak et al., 2017). However, the dry matter content with useful 
substances in slurry varies in general and depends on the technology 
used (Halecki et al., 2016). Due to errors in the database and informa-
tion loss caused by flows through multiple entities, it is impossible to 
identify all chains in the system and therefore the nationwide percent-
age average of dry matter content is currently used for dry matter 
treatment evaluation instead of regional estimates. As a result, the in-
dicators of WM may deviate significantly from reality and a seemingly 
functioning system may be inefficient. 

Overall, it highlights the importance of proper data governance in 
WM and the need for an accurate and comprehensive tool to maintain 
the reliability of data. This can help to minimize the environmental 
impact of waste, optimize resource recovery, and improve the overall 
efficiency of WM planning. The use of sophisticated models for the 
assessment of waste streams and their treatment can be considered more 
advantageous than increasing the duties of entities in the reporting 
system. The goal of this paper is to effectively manage collected data, fix 
errors, reconstruct missing data, provide material quantity including its 
quality, and overall gain better insight into the monitored system. The 
key characteristic is the analysis of a large amount of data within the 
entire state, as individual entities are often interrelated and cannot be 
decomposed into several parts. In addition, in the case of WM, there is 
usually only a single set of data without the possibility to make addi-
tional measurements or verification. Unlike the management of errors in 
production processes, it defines unique conditions for data handling and 
its further evaluation. 

2. State-of-the art and literature review 

Data errors can occur in a variety of ways, such as human error, 
system failures, or inaccuracies in data collection (Câmara et al., 2017). 
These errors can have a significant impact on the accuracy and reli-
ability of the data, typically considered independent (Brown et al., 
2018). Therefore, data is analyzed using statistical or optimization 
techniques in a variety of industries. Statistical methods are commonly 
used for data standardization and quality control. These methods can be 
used to cleanse and validate data, as well as to identify and correct errors 
or outliers in the data. For example, Material or Energy Flow Analysis 
(MFA, EFA) through the Sankey diagram is often used to analyze pro-
cesses, explore interactions, identify the largest losses and accurately 
target interventions to improve efficiency (Bowman et al., 2022). Other 
techniques such as Principal Component Analysis (Kim et al., 2022) or 

Cluster Analysis (Chao et al., 2019) can be used to identify patterns and 
relationships in the data and to identify areas where data is missing or 
inconsistent. These methods can also be used to estimate missing data 
and to correct errors in the data. 

Optimization models are more likely used to optimize the process 
itself and find optimal settings in order to achieve higher efficiency 
(Chen et al., 2018). However, techniques based on mathematical 
modelling can be also used to identify and correct errors in the data. In 
this respect, data reconciliation (DR), which compares and adjusts 
different sets of data to ensure consistency and accuracy, can be 
considered the most utilized technique as it is commercially available 
(Câmara et al., 2017). It is often used in industrial and financial appli-
cations to ensure that data from different sources, such as sensors, da-
tabases, and manual inputs, agree with one another (Cochinwala et al., 
2001). The goal of DR is to provide a single, reliable set of data that can 
be used for decision-making, analysis, and reporting. It can be per-
formed using neural networks or genetic algorithms, which mimic the 
process of natural selection to find the best solution to a problem (Hu 
et al., 2022). However, they represent a black box technique, which can 
make it difficult to control the whole procedure and understand the 
underlying processes that led to the solution. 

DR can be considered a well-known principle for several decades 
(Kuehn and Davidson, 1961), which in certain variations is widely used 
in industry to align the physical laws of a process with measured data. 
The main area of application is the production process or energy sector, 
which is carefully monitored today, as it is connected to almost every 
segment of society. The study (Sharma et al., 2022) utilizes DR in the 
dynamic control of renewable energy sources, which allows for recti-
fying inconsistencies in sensor measurements. Yu et al. (2022) describe a 
challenge in maintaining the accuracy of calculations for the isentropic 
efficiency of a steam turbine stage. There are widely existing gross errors 
in steam turbine measurements, which can invalidate modelling results 
and hinder model-based monitoring and optimization. They propose a 
DR model that includes entropy increase constraints and uses nonlinear 
inequality constraints to detect gross errors. 

Another article (Badings and van Putten, 2020) focuses on the inte-
gration of DR into allocation tasks, specifically in the petrochemical 
industry. The authors address the identification and correction of errors 
in data related to pipe flow, while also addressing the mixing of multiple 
products with different properties. The methodology is described 
generally with mathematical notation, but the mixing of multiple flows 
is solved by linearization using a simulation tool specialized for this 
branch. As generally known, the outcome of DR is highly dependent on 
the covariance matrix (Gurevich et al., 2022), which there contains only 
the diagonal values reflecting the standard deviation of individual 
measurements. This methodology cannot be used in the case of WM, as 
the reported data can vary from year to year. Therefore, only one data 
point is available, and in some cases, it is missing and needs to be 
reconstructed. 

In the case of WM, studies analyzing errors in the system are again 
focused on specific processes in waste handling. For example, Behnami 
et al. (2019) present an approach for WM, specifically for improving the 
accuracy of measurements in the process of a wastewater treatment 
plant. However, such approaches are limited to a specific process, while 
it is useful to generalize and expand this local case to fill the gap between 
typical MFA at a national or regional level and point-based analyses. The 
study Šomplák et al. (2019) addresses such extension by applying DR to 
fix errors between waste production and treatment. The result of the 
presented case study related to bulky waste shows that the presented 
model provides a solution at the regional level but is not capable to 
provide insights into the required detail for each entity in the system. 

Big data at a national level are used in forecasting future develop-
ment using the DR (di Fonzo and Girolimetto, 2022). In the field of WM, 
Pavlas et al. (2017) present an approach for waste generation fore-
casting with the aim of having the most detailed outlook of investigated 
territory. However, historical data contains many errors, outlier values, 
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etc., so it is appropriate to use the territorial hierarchy and make fore-
casts even on aggregated areas that are more consistent. The forecast of 
different levels usually does not meet mass balances, and therefore in-
dividual time series are subsequently corrected using DR. A similar 
principle is also used in forecasting of waste treatment for individual 
countries in the EU (Smejkalová et al., 2022). 

Wider studies focusing on monitoring WM or tracking waste streams 
across the whole country usually do not address the issue of data 
inconsistency and only implement procedures related to basic analysis 
or data mining to find specific patterns (Li et al., 2019). The paper (Zhan 
et al., 2022) highlights the necessity of data handling and provides an 
approach based on mining and fusion of the reported values and avail-
able web text data. The goal is to identify the challenges and provide 
policy implications for the optimization by supplementation of reported 
data by another data set. Nevertheless, the consistency of data is ensured 
by sorting and cleaning reported data without further explanation. It 
may therefore be beneficial to have a general approach to any waste 
database and to ensure that any subsequent studies are based on the 
most reliable input data. 

It is obvious from the literature review that the development of a 
comprehensive tool to ensure the consistency of large-scale databases in 
WM is not sufficiently addressed. Moreover, generally used MFA does 
not provide information about quality of individual stream or does not 
track its specific content. An example of improved MFA is presented by 
Li et al. (2022), where authors developed a probabilistic approach based 
on monte-carlo simulations. The study aims to evaluation of phosphorus 
content in steelmaking process. However, Monte-Carlo simulations are 
very limited by the size of the problem, which poses difficulties in the 
case of large data. Therefore it is important to develop a new approach to 
maintaining data consistency and increasing data reliability in the field 
of WM with subsequent advanced MFA. It can be achived by combina-
tions of several methods for data analysis, DR and network flow prob-
lems, which can be generally utilized for any waste to assess the 
environmental impact and further optimize the material recovery. Un-
like other research studies, this article deals with a broad database at a 
national level rather than a single process. 

The presented approach works with a large amount of data in a 
unique branch of waste management reporting. It is characterized by the 
need to work with the highest possible level of detail while having only 
one measurement of each record. This prevents the use of common 
weights for reconciling inconsistencies based on variance and requires 
the development of specific indicators. To overcome this problem, a 
tailor-made covariance matrix for DR is developed. After fixing in-
consistencies, it is possible to track the composition and quality of in-
dividual waste streams within the reported data, allowing for a more 
accurate evaluation of waste handling and providing insights into the 
system at a regional level. The presented paper related to data man-
agement is unique in both its scope and combination of various math-
ematical apparatus with a specific focus on wastewater sludge and the 
calculation of its dry matter content. The novelty and key points of the 
study are as follows:  

• Step-by-step approach for maintaining waste management big data 
in micro-regional detail.  

• Transportation error fixing by searching specific inconsistency 
patterns.  

• Data reconciliation with the tailor-made covariance matrix.  
• Material flow analysis with quality or content tracking including 

point and interval estimates.  
• Wastewater sludge case study in Czech Republic. 

3. Methodology 

The goal of the presented paper is to develop a general approach for 
any waste and similar monitored systems, by correcting inconsistencies 
and evaluating waste content in the greatest possible detail, providing 

adequate insight. In the case of waste tracking and monitoring its quality 
or specific content, the problem is often more complex, as waste can be 
mixed at some point. In such cases, it is necessary to implement a 
weighted average, which represents a nonlinear problem. As is generally 
known, nonlinear tasks are difficult to solve in the scope of whole 
countries in the maximum possible detail and thus it is necessary to 
develop a new approach with combinations of various techniques. For 
this reason, the solution was divided into several steps, where the first 
goal is to deal with errors in the database and ensure mass balance at all 
levels of the system. A special form of DR with defined weights reflecting 
expert estimates and verification of incorrect reports is used here. The 
individual flows between entities are afterwards known and therefore 
the evaluation of waste stream content can be performed in the form of 
point or interval estimates. The general framework of the methodology 
is shown in Fig. 1. 

As can be observed, direct identification of possible improvement 
from the originally reported data is difficult, because many calculated 
metrics are biased by errors and usually not evaluated with the neces-
sary detail of the investigated system. The use of precious methodology 
to evaluate waste content in individual entities needs to deal with 
inconsistency in waste transfer, where values averaging can lead to the 
loss of important links. The best solution is to perform a step-by-step 
approach in sequence ensure consistency using algorithmic corrections 
and DR, evaluate waste content and derive implications. The waste 
content tracking needs to deal with inconsistencies in data and satisfy 
mass balances, which futher results into optimization problem with zero 
degree of freedom in the case of point estimates. Interval estimates are 
independed on point estimates, therefore its evaluation can be per-
formed parallely to speed up the calculation. 

3.1. Pre-processing 

Before the actual DR, a thorough analysis of the data is necessary to 
identify system errors and prepare the structure for further reconcilia-
tion. The reported data is based on WM codes, which must be reported 
annually along with the waste quantity. The principles of reporting, 
including the relevant codes and rules, are derived from European 
legislation, specifically for the Czech Republic, details can be found in 
the relevant decree (European Commission, 2022). The relevant sheet 
for entities called “Sheet 2 - Reporting of summary data from ongoing 
records of WEEE processors for the reporting year” can be also found 
there as well as many rules and reporting sequences. The basic principles 
can be summarized as follows:  

• The waste handling codes are divided into plus (production and 
reception) and minus (treatment and transfer) categories.  

• The first letter of the code represents the origin of waste (A = own 
waste, B = others, C = accumulated amount from previous years.  

• Each record has an entity as an announcer and an entity as a partner. 
The partner can be also the same as the announcer (e.g. for pro-
duction and treatment).  

• The mass balances have to be equal to 0 for every entity of the system 
(input versus output).  

• The amount of transferred waste has to be equal to its reception 
along a flow between two entities. 

Mass balances are often disrupted, with waste either in excess or 
lacking in some nodes. Furthermore, discrepancies can arise during 
waste transportation between two entities, with conflicting reports of 
how much waste was transferred and received. Ideally, records should 
be consistent across pairs, with the other entity listed as a partner and 
the same quantity for each transaction. For some types of waste, small 
deviations in values may be acceptable, due to factors such as water 
evaporation, but in some cases, records differ by tens of percent, or one 
side does not even record the interaction. The designed DR (see Section 
3.2) should handle these errors based on links in the system, but some 
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transport discrepancies can be pre-solved and the number of degrees of 
freedom can be reduced. This mainly refers to the case where two re-
cords correspond in value, but one record contains a bad partner that 
does not indicate such interaction. This can often happen due to the 
report at the company’s headquarters, while the waste is received at a 
subsidiary. Using the algorithm shown in Fig. 2, these errors can be 
detected and corrected. 

The principle of correction is based on a systematic analysis of all 
recorded flows, which are compared with each other. In order for a 
correction to be made, both flows must have the same amount of 
discrepancy in opposite meanings (error in reception vs. error in trans-
mission) and must have the same subject on one side of the record. If 
there is more than one possible correction, the error should be left for 
DR. The principle of correction can be also used for a combination of 
records when the effort relies on to findings of several records B, in 
which the sum of errors is equal to the error of record A. The pre- 
processing corrections do not modify production or treatment and it is 
achieved with proper redirections of waste transfers and receptions. 

3.2. Data reconciliation 

Pre-processing data thoroughly can fix many inconsistent database 
entries, but errors can persist. These uncorrected mass balances must be 
tackled using a sophisticated method that considers all links between 
entities links and finds the most likely solution. A mathematical 
approach using DR principles has been developed to implement the 
minimum possible deviations into reported values and meet all condi-
tions defined for the system. 

The mathematical model for DR is based on nodes and oriented arcs. 
Due to a large number of possible arcs between all nodes, only those arcs 
between two entities that show one-sided or mutual interaction between 
them are generated which allows for avoiding computational in-
efficiencies and reducing memory demand. This mathematical approach 
incorporates predefined weights (see Section 3.3), reflecting logical 
rules and expert input, to resolve the waste discrepancies because the 
variance of measurement for the typical covariance matrix is not 
possible due to a single data set. It can also be meaningful to consider 
off-diagonal values, which could represent error chaining caused by 

Fig. 1. General framework of the proposed step-by-step.  

Fig. 2. Flowchart describing the transport error correction.  
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mutual influencing, for example, waste collection companies, which 
usually provide final values for reporting to individual entities. 

In the following section, the mathematical model for the balance 
calculation will be presented, which is conceived as a linear model. Such 
a model has convenient properties for optimization in terms of solv-
ability and finding the global optimum. Moreover, the linear depen-
dence of the implemented deviation to the objective function leads to 
the selection of the median. It follows the idea that more reliable and 
consistent entities in the system are more trusted. This property is 
desirable since it is assumed that in most cases the record will be correct. 
Thus, the result of DR lies primarily in a selection of correct values rather 
than averaging them as in the case of quadratic dependence. First, a list 
of the symbols used is given, 

Sets 

a ∈ A set of arcs representing flows between entities 
i ∈ I set of entities in the database (for example municipalities) 

Parameters 

F+
a reported amount of waste received along a, [kg] 

F−
a reported amount of waste transferred along a, [kg] 

Ma,i incidence matrix determining input and output of all arcs, [-] 
Pi reported amount of produced waste in entity i, [kg] 
Ti reported amount of treated waste in entity i, [kg] 
wP

i weight for produced waste in entity i, [-] 
wT

i weight for treated waste in entity i, [-] 

Variables 

γF+
a implemented deviation in received waste along a, [kg] 

γF+
+

a , γF−
+

a deviation division into positive and negative parts (received 
waste), [kg] 
γF−

a implemented deviation in transferred waste along a, [kg] 

γF+
−

a , γF−
−

a deviation division into positive and negative parts (trans-
ferred waste), [kg] 
γP

i implemented deviation in produced waste in entity i, [kg] 
γP+

i , γP−

i deviation division into positive and negative parts (waste 
production), [kg] 
γT

i implemented deviation in treated waste in entity i, [kg] 
γT+

i , γT−

i deviation division into positive and negative parts (waste 
treatment), [kg] 

The objective function of the optimization model is equal to the sum 
of all deviations implemented to the data in order to satisfy all mass 
balances and links in the system. These deviations must be split into 
positive and negative parts for correct implementation (see below for a 
description of equations (5) and (6)). Each element of the system has an 
associated confidence level, which is implemented in the model using 
weights representing values in the diagonal of the covariance matrix. 
The goal is to implement minimum deviations into the database, this 
sum of deviations is thus minimized. The corresponding mathematical 
notation is given by Eq. (1), where deviations for produced (γP+

i ,γP−

i ) and 
treated (γT+

i , γT−

i ) waste are presented with matching weight (w). 

min

(
∑

i∈I
wP

i

(
γP+

i + γP−

i

)
+
∑

i∈I
wT

i

(
γT+

i + γT −

i

)
)

. (1) 

The following formulas express the necessary constraints for the 
optimization model. Eq. (2) describes the equality between received and 
transferred waste along all modelled arcs. The reported amount of 
received waste F+

a including estimated deviation γF+
a must be equal to the 

reported amount of transferred waste F−
a with estimated deviation γF−

a . 

F+
a + γF+

a = F−
a + γF−

a , ∀a ∈ A. (2) 

Next Eq. (3) provides the mass balance within a single entity. The 
sum of the production records Pi with the corresponding deviation γP

i 

minus the sum of the treated waste Ti with deviation γT
i plus the waste 

transport Ma,i(F+
a +γF+

a ) must be equal to zero. Here, the incidence matrix 
Ma,i provides the necessary information about which arcs enter a given 
node and which ones leave. The sum of all arcs multiplied by the inci-
dence matrix produces the overall transport mass balance of an entity. 

Pi + γP
i − Ti − γT

i +
∑

a∈A
Ma,i
(
F+

a + γF+

a

)
= 0,∀i ∈ I. (3) 

Eq. (4) provides the mass balance within the whole balanced system. 
All waste produced must be treated. Thus, the sum of the corrected 
productions must equal the sum of the corrected treatments. 
∑

i∈I

(
Pi + γP

i

)
=
∑

i∈I

(
Ti + γT

i

)
. (4) 

Since the deviation can take any real value, negative deviations 
would reduce the value of the objective function under minimization. 
Therefore, for correct implementation of deviations, it is necessary to 
consider their absolute value, which, however, from the optimization 
point of view, distorts the favourable conditions (linear model) for 
finding the optimal result. This problem can be solved by dividing the 
deviations into positive and negative parts as described in Eq. (5) and 
Eq. (6). At the same time, it is necessary to ensure that these variables 
are non-negative. This condition is described by Eq. (7) and Eq. (8). 

γF+

a = γF+
+

a − γF−
+

a , γF−

a = γF+
−

a − γF−
−

a ,∀a ∈ A, (5)  

γP
i = γP+

i − γP−

i , γT
i = γT+

i − γT −

i ,∀i ∈ I, (6)  

γF+
+

a , γF−
+

a , γF+
−

a , γF−
−

a ≥ 0,∀a ∈ A, (7)  

γP+

i , γP−

i , γT+

i , γT −

i ≥ 0,∀i ∈ I. (8)  

In order to maintain the meaningfulness of the problem to be solved, 
there must not be a situation where the deviation causes a negative flow, 
production or treatment of waste. For this reason, Eqs. (8)–(10) are 
defined. 

F+
a + γF+

a ≥ 0,∀a ∈ A, (9)  

Pi + γP
i ≥ 0, ∀i ∈ I, (10)  

Ti + γT
i ≥ 0,∀i ∈ I. (11) 

As an additional condition of the DR, it is appropriate to implement a 
constraint to ensure that waste transfers and receipts are not balanced 
across the boundaries of the recorded values. In fact, this constraint will 
ensure that in particular those cases where the records on both sides of 
the reporting flow correspond in value are fixed. These flows can be 
considered correct and it is not desirable to modify them. The constraint 
is implemented using Eq. (12), where the magnitude of an error on a 
given flow in absolute value must be equal to the sum of the imple-
mented deviations to flow. 
⃒
⃒F+

a − F−
a

⃒
⃒= γF+

+
a + γF−

+
a + γF+

−
a + γF−

−
a , ∀a ∈ A. (12) 

The following Eqs. (13)–(16) are optional, but it is recommended to 
use at least one defined combination based on expert knowledge. 
However, at most one configuration can be chosen, otherwise, the 
problem is likely to be infeasible. The following may be chosen:  

• Eq. (13) and Eq. (14): the optimization model is forced to compare 
total production and treatment in order to meet the mass balance of 
the system. However, the logical solution seems to be a procedure 
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where the lower value is increased by the given difference. It can be 
assumed that information is missing in the system rather than extra 
records being given. Thus, simultaneous consideration of Eq. (13) 
and Eq. (14) will ensure that the lower value (production or treat-
ment) will be at least equal to the second value reported. However, 
individual entities are not affected by this condition.  

• Eq. (15): Using this equation, it is possible to set the maximum 
credibility on the reported production. Thus, it is strictly forbidden to 
modify the production in any entities and the model only adjusts the 
amount of treatment.  

• Eq. (16). Using this equation, it is possible to set the maximum 
credibility on the reported treatment. Thus, it is strictly forbidden to 
modify the processing in any entities and the model only adjusts the 
amount of production. 

∑

i∈I

(
Pi + γP

i

)
≥
∑

i∈I
Pi, (13)  

∑

i∈I

(
Ti + γT

i

)
≥
∑

i∈I
Ti, (14)  

γP
i = 0, ∀i ∈ I, (15)  

γT
i = 0, ∀i ∈ I. (16)  

3.3. Weights definition 

The weights in the mathematical model are a crucial input that plays 

a key role in determining the final solution. These weights must be 
defined based on expert estimates, as in the case of WM, only one set of 
data is available and it is not possible to assume any form of records 
verification or additional measurements. The weights are defined based 
on the identified discrepancies, which further determine the rate of 
credibility for each entity in the system. The goal is to adjust more likely 
the faulty entity instead of trying to distribute the error among all in the 
system, which should be carried out as the last possible solution. This 
effort is also supported by the linear form of the model. The principle of 
weights definition can be summarized as the statement that an entity 
showing more error rate is modified more than the other. 

The most of formulas are given for the weights related to production, 
and if the exception is not mentioned, they are applicable also to the 
weights related to treatment. The greater value of weight means higher 
credibility of an entity and less tendency to modification. The goal is to 
keep weights between zero and one, while the value zero is not desirable 
because it leads to the possibility of unlimited changes in an entity. The 
greater value of weight means higher credibility of an entity. The cur-
rent knowledge obtained during the development and testing of the tool 
has led to the following rules, which define individual parts used for the 
final calculation of weights. 

The first part of the modelled weight is related to the error rate in 
transport reporting. The aim is to implement greater deviations to en-
tities showing higher relative error, as these entities are more likely to 
not consistently follow the principles of reporting. The relevant coeffi-
cient is expressed by Eq. (17), where the sum of errors on the arcs is 
divided by the average of reported values, including only those arcs 

connected to the entity being evaluated. The resulting value is sub-
tracted from one, with a desirable minimum value. In the case of no 
reception or transfer of waste, the value is set to one. 

k1,P
i =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

1, for no connected transport

max

⎛

⎜
⎜
⎝0.1; 1 −

∑

a∈A

⃒
⃒Ma,i

(
F+

a − F−
a

)⃒
⃒

∑

a∈A

⃒
⃒Ma,i

F+
a + F−

a

2

⃒
⃒
⃒
⃒

⎞

⎟
⎟
⎠, otherwise

,∀i ∈ I. (17) 

The following Eq. (18) adjusts the weight based on the error in the 
mass balance within an entity. The total mass imbalance is divided by 
the sum of production and treatment. An entity without production and 
treatment can be considered a transit node and it is not desirable for 
transport imbalances to cause a change in these records. Therefore, in 
such a case, the weight is strictly set to a value of 1. The weight is also 
influenced by Eq. (19) and Eq. (20) depending on whether it is related to 
production or treatment. In the case of an entity with more waste, the 
goal is to reduce the treatment weight, so that the model tends to in-
crease the amount of treated waste rather than reduce production. The 
same principle is used in the case of a negative balance, where the aim is 
to increase the production of waste. However, it is necessary to consider 
all other links in the system first, and it should only be reflected in the 
result as the last step. Therefore, a coefficient of 0.9 is chosen, which 
does not significantly affect the resulting weight but ensures the desired 
output. 

k3,P
i =

{
0.9, for mass balance < 0

1, otherwise ,∀i ∈ I. (19)  

k3,T
i =

{
0.9, for mass balance > 0

1, otherwise ,∀i ∈ I. (20) 

It can be expected that some records regarding reality may be 
missing in the database, which can escalate to a missing entire entity. 
The tool is capable of detecting these subjects if others report some 
interaction with them. Otherwise, missing reports cannot be identified 
from the investigated database, for example, when an entity produces 
and treats only its waste. However, if a subject is listed in a record 
without any own records, it is assumed that the necessary reports related 
to waste handling are not provided, and it has the lowest credibility. This 
principle is ensured by the following Eq. (21), which leads that the 
model assigns a corresponding production or treatment regarding con-
nected transport records for a given entity. 

k4,P
i =

{
0.1,without any own records

1, otherwise ,∀i ∈ I. (21) 

The purpose of the original DR is to distribute deviations in the 
system regarding qualitative characteristics, in order to satisfy the mass 
balance. In the case of quadratic form DR, data normalization is often 
utilized to make the relative deviation share roughly equal for all entities 
in the system. For linear form DR, an additive form of such principle 
must be used instead of a multiplicative form, since otherwise, the 

k2,P
i =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

max

⎛

⎜
⎜
⎜
⎜
⎝

0.1; 1 −

⃒
⃒
⃒
⃒Pi + γP

i − Ti − γT
i +

∑

a∈A
Ma,i
(
F+

a + γF+

a

)
⃒
⃒
⃒
⃒
⃒

Pi + Ti

⎞

⎟
⎟
⎟
⎟
⎠
, for Pi + Ti > 0

1, otherwise

, ∀i ∈ I. (18)   
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qualitative weight could only have a negligible effect. This is due to the 
linear dependency, where if an entity has a smaller weight, it is modified 
instead of deviations being proportionally divided among all entities. 
Therefore, the goal is to propose a rule that, when a deviation needs to 
be implemented between two entities with similarly equal qualitative 
weight, the larger entity should be modified, because it represents a 
smaller relative change. Eq. (22) describes the calculation of the 
normalization part of the weight, where the square root ensures a slower 
decrease in order to keep differences in the case of lower values of 
production and treatment. It should be noted that the form of the 
normalization part of weight should be adjusted accordingly to the 
amount of produced waste and size variability of individual entities in 
the system. This particular proposal is designed for the case study of 
wastewater sludge presented in Section 4. 

vP
i =

⎧
⎪⎨

⎪⎩

1
̅̅̅̅̅̅̅̅̅̅̅̅̅̅
Pi + Ti

√ , for Pi + Ti > 100

0.1, otherwise
, ∀i ∈ I. (22) 

All the above parts together form a weight whose value is imple-
mented in the DR. The following Eq. (23) expresses the final calculation, 
where all parts of qualitative characteristic are multiplied together the 
normalization part is added. 

wP
i = k1,P

i k2,P
i k3,P

i k4,P
i + vP

i ,∀i ∈ I. (23)  

3.4. Waste content tracking 

The evaluation of waste treatment regarding waste quality is pre-
sented in the case of wastewater sludge and monitoring of its dry matter 
content. The wastewater sludge is considered in the form of a slurry 
(high content of water), while its solid part with important nutrients is 
referred to as dry matter. For example, in the Czech Republic, the 
monitoring of the treatment of the dry matter in wastewater sludge is 
based on a nationwide average calculated at the point of production, 
where information about dry matter content is available. This approach 
is used due to inaccuracies in transportation and difficulties in tracking 
waste within the system’s network. The main issue is that all waste 

becomes group B (following waste handling) after the first transfer and 
further tracking of the entire chain from the producer is obscured by 
subsequent takeovers at this node (representing an entity). However, 
such simplification can introduce significant errors in the evaluation of 
indicators and it is advisable to average the data at least regionally or 
directly of the entities themselves. The principle is illustrated in Fig. 3. 

The problem of tracking flows from producers to treatment point is 
solved by assuming that all waste entering the node is ideally mixed and 
then handled. This results in dividing each entity into two parts, with the 
dry matter ratio between parts being equal. The dry matter ratio in the 
node is calculated as a weighted average of all incoming streams. A 
further assumption is that the secondary production of waste from pre- 
treatment is the same as the average in the entity because there is no 
additional information related to the dry matter content of pre- 
treatment. The task is based on the network flow problem, where the 
amount of slurry is always known thanks to DR and only the dry matter 
ratio in individual nodes is unknown. The following is a list of sets and a 
description of the mathematical model, 

Sets 

a ∈ A set of arcs 
i, j ∈ I set of nodes 

Parameters 

DP
i percentage content of dry matter in produced wastewater sludge 

in node i in a given year, [-] 
DV

i percentage content of dry matter in stored wastewater sludge in 
node i in a previous year, [-] 
Fa amount of wastewater sludge transported along arc a, [kg] 
MIN

a,i incidence matrix for input flows a in node i, [-] 
MOUT

a,i incidence matrix for output flows a in node i, [-] 
Pi amount of wastewater sludge produced primarily in node i in a 
given year, [kg] 
Oi amount of wastewater sludge produced secondary in node i in a 
given year, [kg] 

Fig. 3. Description of node division for evaluation of the average dry matter.  
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Vi amount of wastewater sludge stored in node i in a previous year, 
[kg] 

Variables 

yi average percentage content of dry matter in wastewater sludge in 
node i, [-] 

The evaluated system has zero degrees of freedom thanks to DR and 
thus objective function is not defined. Only one constraint is needed to 
calculate desired waste quality. The following Eq. (24) describe the 
weighted average of input flows to calculate the percentage dry matter 
content, which is equal to total dry matter divided by total wastewater 
sludge in every node. The left side of the equation gradually introduces 
the amount of dry matter in produced PiDP

i , accumulated from the 
previous year ViDV

i , secondary produced Oiyi and received slurry, while 
the right side is composed of the total amount of slurry multiplied by the 
average percentage variable yi.   

3.5. Interval estimates 

The approach presented in the previous chapter provides only a point 
estimate, but it is useful to have information about variability and cor-
responding interval estimates when evaluating results. Since there is no 
information available on the standard deviation, the construction of 
interval estimates is realized through an optimization calculation that 
determines the limits of the possible proportion of dry matter in slurry. 
Therefore, the term interval estimate can be more likely considered as 
feasible boundaries for dry matter content. 

The calculation is based on a network flow problem with multiple 
commodities, where each waste producer generates its own commodity. 
By minimizing or maximizing the proportion of dry matter at a selected 
node, the corresponding limits can be obtained. However, this con-
struction is computationally intensive, especially in terms of computer 
memory. At the same time, it is necessary to perform calculations for a 
large number of scenarios, which is twice the number of entities with 
waste treatment in the system being analyzed. To maintain linearity, it 
was necessary to link the proportion of dry matter in secondary pro-
duction to the national average, but from the perspective of the total 
amount of waste under consideration, the secondary production repre-
sents a negligible change. This also allowed for a well-arranged notation 
for the different waste production sources, which are indexed here 
compared to the previous chapter. The following is a mathematical 
model with a description of the symbols used, 

Sets 

a ∈ A set of arcs 
i, j ∈ I set of nodes 
n ∈ N set of waste sources 

Parameters 

Dj,n percentage content of dry matter in produced slurry in node j 
from source n, [-] 
Fa amount of slurry transported along arc a, [kg] 
Ma,i incidence matrix determining input and output of all arcs, [-] 

Pi,j,n amount of slurry produced primarily in node i (i = j) from 
source n, [kg] 
Ti amount of slurry treated in node i, [kg] 

Variables 

ti,j,n amount of slurry from producer j treated in node i, [kg] 
xa,j,n amount of slurry from producer j and source n transported along 
arc a, [kg] 
yi percentage content of dry matter in slurry in node i, [-] 

The objective function Eq. (25) is defined by the percentage dry 
matter content of treated wastewater sludge in a selected entity, which is 
minimized or maximized to obtain desired boundaries. 

min yi or max yi (25) 

The following constraint Eq. (26) represents maximum flow along an 
arc, which capacity Fa is defined by results from DR. The sum of each 
commodity and different sources transported along an arc must be equal 
to the given flow. 

∑

j∈I

∑

n∈N
xa,j,n =Fa,∀a ∈ A. (26) 

Eq. (27) describes the mass balance for each commodity in every 
entity in the system. Production Pi,j,n with the sum of received and 
transferred waste Ma,ixa,j,n must be equal to treatment ti,j,n. The sum of 
treated waste from various producers must be equal to the total treat-
ment Ti in the node determined by DR, which is expressed by Eq. (28). 

Pi,j,n +
∑

a∈A
Ma,ixa,j,n − ti,j,n = 0, ∀i ∈ I. (27)  

∑

j∈I

∑

n∈N
ti,j,n = Ti,∀i ∈ I. (28)  

The percentage dry matter of treated slurry is calculated by Eq. (29). The 
sum of all dry treated dry matter Dj,nti,j,n divided by the amount of slurry 
Ti is equal to the percentage value. 

Tiyi =
∑

j∈I

∑

n∈N
Dj,nti,j,n,∀i ∈ I. (29) 

The last condition for the model is the nonnegativity of variables, 
which is expressed by Eq. (30) and Eq. (31). These two constraints 
ensure also the nonnegativity of yi. 

ti,j,n ≥ 0,∀i ∈ I,∀j ∈ I,∀n ∈ N. (30)  

xa,j,n ≥ 0,∀a ∈ A, ∀j ∈ I,∀n ∈ N. (31)  

4. Results of the case study in the Czech Republic 

The presented approach, consisting of a combination of several 
mathematical methods, is subsequently applied to a case study in the 
Czech Republic. The aim is to evaluate the treatment of the dry matter in 
waste sludges, according to the waste catalogue (SEPA, 2015), which 
corresponds to code 19 08 05, "sludges from treatment of urban 
wastewater." The ISOH database (ISOH, 2023) is used, which collects all 
information on waste production and handling in the Czech Republic. 

PiDP
i +ViDV

i +Oiyi +
∑

a∈A

(

MIN
a,iFa

∑

j∈I

(
MOUT

a,j yj

)
)

= yi

(

Pi +Vi +Oi +
∑

a∈A

(
MIN

a,iFa

)
)

,∀i ∈ I. (24)   
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Some aggregated information is publicly available, but the necessary 
structure of data for the approach verification is secret. Thanks to 
research collaboration with the CENIA agency (CENIA, 2023), the 
related database was provided in the form of raw data, exactly as re-
ported by individual entities. The detail of data follows the lowest local 
administrative units, which are municipalities with their own authority. 
In the case of investigated wastewater sludges, there are approximately 
1500 units, which can be further divided into entities based on juridical 
classification (municipality, company, citizen). 

4.1. Database reconstruction 

The preprocessing phase aims to identify errors in the system and 
provide basic statistics. Overall, 954 kt of slurry are reported as pro-
duction, while the reported treatment is 971 kt. The total difference is 
17 kt, which does not have a clearly defined origin at the point of 
treatment. At first glance, it may seem like an acceptable difference 
(approximately 2%), but when looking at the task in greater detail at the 
level of individual entities, larger relative errors become apparent. 
Often, there is only a record of production, and the subsequent infor-
mation on handling is missing, or some entities in the system are 
completely missing, even though there are records, which confirm their 
participation in WM of wastewater sludge. 

In the case of waste transfer and reception analysis, four categories 
can be considered. The first is related to the case when the transfer re-
cord shows the same amount as the receipt record and both partners of 
the transactions are correctly identified, making it possible to match 
them. This type represents the only correct case of reporting waste 
handling. Another type is transportation where records can be paired, 
but the reported amounts on both sides do not match. The most prob-
lematic type of reporting is missing evidence, where one side reports a 
transfer, but the other side does not. This case can be divided into two 
types, either where only the receipt record exists or only the transfer 
record exists. The subsequent analysis of the transported amounts of 
sludge in 2020 is graphically displayed in Fig. 4. The analysis is stated in 
the form of the raw database and after pre-processing, utilizes the 
correction principle explained in Fig. 2. 

The graph shows that a more detailed analysis at the level of indi-
vidual entities revealed over 30% discrepancies in terms of quantity. 
Specifically, over 10% of the transported waste does not have a corre-
sponding record. Moreover, it cannot be assumed that all of these errors 
can be paired with each other, which also suggests differences in the 
quantity between transferred and received waste. Another group, where 

there are paired records, but the quantities do not match, represents 
about 20% of the transport records. It could be assumed that the waste 
changed its properties during transport (e.g., water evaporation), but in 
many cases, this represents a change in the order of (units vs thousands) 
tons, which could subsequently lead to unrealistic numbers greater than 
100% in terms of dry matter monitoring. 

Data pre-processing results in significant correction of incorrect 
transport inconsistencies, particularly by greatly assisting in the 
matching of transactions that had no pair record in the original data-
base. At the same time, this approach has also reconciled the waste 
transfers where different values are reported. It should be mentioned 
that all of the pre-processing correction do not modify production or 
treatment and it is achieved with only proper redirections of transport 
records. All remaining system errors have been solved using pre- 
processing corrections and DR, and the mass balances are now met at 
all levels of the system. Manual verification of corrections is not possible 
for all error cases. There are inconsistencies where it is not possible for 
an expert to determine the truth, as it is impossible to assess multiple 
chains simultaneously that can influence each other. The discrepancies, 
which can be corrected in the pre-processing, are mostly corrected in the 
same way by the DR, except for cases where the same entity shows waste 
transfer to itself. In such a case, from the perspective of the node mass 
balance, it is a plus and minus record of the same amount, meaning it 
does not affect the result, and a randomly selected value between 
recorded values is selected. Therefore, it is always beneficial to perform 
pre-processing, even though it represents a negligible part of the 
evidence. 

4.2. Dry matter evaluation 

As outlined in the introduction of this paper, in the Czech Republic, 
the evaluation of treatment indicators currently relies on the national 
average without considering possible sources and varying quality of 
treated waste. In order for this approach to be considered acceptable (i. 
e. deviations from reality will not be significant), the histogram must 
follow a normal distribution with the least amount of variability 
possible. To verify this approach, individual productions are analyzed 
and the amount of wastewater sludges categorized by the proportion of 
dry matter are shown in Fig. 5. 

From the histogram, it is apparent that the variability of the dry 
matter ratio is considerable, with the data roughly following a bimodal 
distribution with the mean between the peaks. In such a case, calculating 
treatment indicators based on the national average dry matter ratio can 

Fig. 4. Analysis of transferred – received waste in the system.  
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Fig. 5. Amount of wastewater sludge in slurry form sorted by percentage content of dry matter.  

Fig. 6. Point and interval estimates of dry matter ratio of entities reporting final treatment.  

Fig. 7. Comparison of the developed approach with the national average for material recovery.  
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be entirely misleading, as the final treatment at the microregional level 
may be dominated by wastewater sludge with a different dry matter 
ratio than the calculated average. In this regard, it is worth mentioning 
the extreme values with almost zero dry matter ratio and with a ratio of 
approximately 65%. The newly developed approach thus has its justi-
fication here, and the comparison with the national average is shown in 
Fig. 6, where individual entities that report the final treatment are dis-
played after DR. 

It is evident that only one-third of the sludge processing includes the 
national average of dry matter ratio, which can further greatly influence 
the evaluation of final handling. The new approach of averaging waste 
in individual entities always provides an acceptable solution, whereas 
the national average is only feasible in cases of high variability. This can 
be caused particularly by cases where an entity represents a transit node 
where a large amount of waste flows through, but only a minimal part is 
treated, which can contain an extreme ratio of dry matter. Furthermore, 
it can be mentioned that the below-average and above-average dry 
matter ratios make up approximately the same proportion. Whether this 
will affect the final evaluation of indicators depends on which part is 
materially recovered. The following graphs in the Fig. 7 show the in-
dividual regions and a comparison of the material use of dry solids. 

The overall material recovery of wastewater sludge decreased by 6% 
in the Czech Republic, which can be considered a significant change in 
the case of achieving ambitious goals of the circular economy. These 
differences are even more evident in individual regions. Specifically, the 
Central Bohemian region utilizes the dry matter from wastewater sludge 
materially by 30% less, while the Moravian-Silesian region shows an 
increase of 40% compared to the national average. At the level of micro- 
regions, even more significant relative deviations can be observed, even 
exceeding 100%. This information can be a key to identifying inefficient 
areas and support in developing necessary infrastructure. 

4.3. Results discussion 

One of the significant advantages of this comprehensive step-by-step 
approach is the standardized methodology employed for data correction 
and the ability to shift evaluations towards a more detailed level. From 
the reconstruction point of view, it should not be expected that results 
are exactly identical to what happened in reality. However, this cannot 
be expected even in the case of the raw data without inconsistencies. For 
large companies in the WM industry, the database shows that waste 
transport is reported across the entire state where the company is 
headquartered, while in reality, the waste does not leave the origin re-
gion, where the subsidiary of the company is located. A similar case can 
be observed for waste collection companies, which often collect waste 
from multiple municipalities at once and then reallocate the waste 
proportionally or with a methodology in order to reduce landfill 
charges. Correcting the database, however, should improve the infor-
mative value of the database and also allow for the application of more 
detailed methodologies in analyses. 

The following evaluation of specific content in the investigated waste 
stream is particularly relevant when calculating waste management 
indicators. In the case of wastewater sludge, the evaluation should be 
based on the treatment of dry matter, which contains nutrients suitable 
for material recovery in agriculture. However, the performance in 
achieving recycling goals and assessment of the treatment is nowadays 
calculated with water content. It may lead to wrong conclusions and 
therefore, this indicator does not provide accurate information for 
decision-making, especially at the microregional level. The developed 
approach enables a more accurate assessment of the situation and 
identifies specific areas where a considerable amount of dry matter re-
mains unused. This information becomes instrumental in improving 
infrastructure and implementing targeted interventions to optimize 
resource utilization in those locations. Differences between results of 
indicator evaluation can be seen in Fig. 7, which are negligible in na-
tional aggregated form, but in the detail of micro-regions represent a 

significant change. However, it is crucial to acknowledge that even with 
the current methodology, there is still a level of simplification involved. 
Wastewater sludge flows are averaged at nodes, which does not fully 
capture the complexity of the system and behaviour in real-world con-
ditions. Recognizing this limitation, ongoing research efforts are 
directed towards avoiding such simplification and developing innova-
tive approaches to uncover the entire flow of sludge from the producer 
to the processor using available data sources. 

5. Conclusion 

The presented paper deals with the administration of data on WM 
monitoring at the national level, which is unique in terms of the volume 
of data handled, its detail and character. The aim is to provide a general 
framework that would help to eliminate inconsistencies and errors in 
data and thus enable more detailed analyses, which is often nowadays 
evaluated in an aggregated form. The paper’s contribution lies in the 
integration of various mathematical techniques based on statistics, DR, 
and network flow problems, which enables effective step-by-step eval-
uation at the smallest administrative unit level both in terms of waste 
quantity and quality. Fixing mass errors among all entities in the system 
with DR is improved by tailor-made covariance matrix and the results of 
material flow analysis for waste composition is supported by point and 
interval estimates. By employing this novel approach, inefficient regions 
or processes can be identified, allowing for appropriate planning of the 
required infrastructure. 

The presented approach is further applied to a case study evaluating 
wastewater sludge in the Czech Republic. Based on detailed data, sig-
nificant inconsistencies in waste handover and transfer are identified, 
resulting in a difference of 17 kt between production and final treat-
ment. These inconsistencies are corrected using DR and expert-designed 
weights. Subsequently, the handling of dry matter is evaluated in detail 
for individual entities, and the results are compared with the currently 
used nationwide average. The results showed that the nationwide 
average for two-thirds of entities is not within a feasible set. Overall, the 
material utilization indicator is examined, which, according to the 
developed approach, identified a 6% worse handling of waste in the 
Czech Republic, while deviations in the range of tens to hundreds of 
percent are found when analyzing smaller territorial units. 

The future development will be focused on addressing other waste 
streams, which can help define further conditions for the covariance 
matrix. As outlined in the methodology, defining values out of the di-
agonal may be considered since many entities in the database may be 
mutually influenced. It is necessary to find a suitable criterion based on 
available information, which helps to estimate the presence of a 
connection between entities. Another part of the research will aim to 
identify the entire flow from the producer to the processor or provide a 
relevant estimate of where waste may have ended up with a high 
probability. This will enable a more precise evaluation of indicators and 
analysis of waste quality. 
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tion, Validation, Writing – review & editing. Lucie Němcová: Formal 
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